A periodic network of connected rhombii, mimicking a spintronic device, is shown to exhibit an intriguing spin-selective extreme localization, when submerged in a uniform out-of plane electric field. The topological Aharonov-Casher phase acquired by a travelling spin is seen to induce a complete caging, triggered at a special strength of the spin-orbit coupling, for half-odd integer spins s ≥ n /2, with n odd, sparing the integer spins. The observation finds exciting experimental parallels in recent literature on caged, extreme localized modes in analogous photonic lattices. Our results are exact.
Introduction Ultracold (UC) atomic gases, loaded in optical potential landscapes provide a platform where condensed matter systems can be simulated exploiting an unprecedented control over the system. 1 In the recent past, this enabled the observation of Anderson localization (AL) of atomic matter waves through path breaking experiments [2] [3] [4] that spurred waves of activity after almost fifty years since the proposition of this famous disorder-induced, quantum interference-driven phenomenon. [5] [6] [7] [8] Experimental realizations of bosonic and fermionic Mott insulators 11, 12 , and studies on the spatial correlations and density fluctuations in bosonic and fermionic UC atomic systems 13, 14 have widened the canvas. Simulations of spin dynamics and phase transition using UC atoms have generated the possibility of devising new electronic, or even atom-based devices 15 . Experiments on a gas of 87 Rb atoms 16 , a theory of exotic quantum phases in a spin-orbit (SO) coupled spin-one bosonic system 17 , motivated by experiments on itinerant magnetism in SO coupled Bose gases 18 or, experiments on a two-orbital fermionic quantum gas of 173 Yb atoms 19 have provided an inspiring canopy of results that gets further illumination from recent experiments revealing the intricacies of SO coupling in UC atomic gases [20] [21] [22] [23] . SO coupled spin-1/2 particles have been studied quite recently, revealing rich physics [24] [25] [26] in respect of the AL phenomenon. Comparatively, hardly any effort is exerted to the physics of particles with spin > 1/2 and including both fermionic and bosonic spin states in the context of spin polarized transport or localization aspects. But such studies demand attention, especially after their experimental realization in the UC atomic systems discussed above. This motivates us to undertake a study of the spectral properties of particles with spin s ≥ 1/2 propagating in an infinite array of rhombii. Such a lattice was previously considered by Aharony et al. 27 for s = 1/2 as a model of a periodic spintronic device. We find a spin-selective extreme localization effect that turns individual rombii into effective spin cages, reminiscent of the well-known Aharonov-Bohm (AB) caging for electrons. 28 We consider a, possibly neutral, particle with a nonzero magnetic moment and an arbitrary spin state s ≥ 1/2 making an excursion in a periodic one dimensional network of rhombic tilings shown in Fig. 1(a) . A simi- lar effect was ushered into the domain of AL by Vidal et al. 28, 29 for a large class of rhombic tiling threaded by a uniform AB magnetic flux 30 . The competition between the periodicity of the potential landscape and the scale of area dictated by the magnetic field 28 led to a rich spectrum characterized by a Hofstadter butterfly geometry.
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Experiments confirmed and corroborated the AB caging effect through transport measurements in periodic superconducting wire networks 32 and even in normal metal networks, 33 where the role of a half-flux quantum of magnetic flux has been verified. Very recently, photonic lattices, grown using ultrafast laser writing technology, and resembling exactly the rhombic array considered here and by Aharony et al. 27 , verified the AB caging effect [34] [35] [36] , and witnessed the dramatic collapse of the entire optical spectrum into isolated sharp lines. A synthetic magnetic flux engineered such a collapse 35 for light. Compact optical modes, exactly in the spirit of the compact localized flat-band states [37] [38] [39] in the electronic case were also observed. These observations open up a new possible direction towards topological photonics.
These results motivate us to use an out-of-plane electric field that leads to a non-abelian vector potential coupled to the spin of the particle, and results in a completely topological interference effect, as was initiated by Aharonov and Casher (AC) 40 . The electric field introduces a Rashba-type spin-orbit (SO) interaction in the Hamiltonian of the system. We find that in an array of rhombii, threaded by a uniform electric field, the AC effect 40 results in an extreme localization of fermionic states with spin half-odd integer s, when the Rashba SO strength is tuned to a special value, while the bosonic, integer spin, counterparts never show any extreme localization. Still, for every spin, fermionic or bosonic, an SO strength-independent, flat band appears at the centre of the spectrum, along with spin projected topological edge states showing up at special SO coupling strengths. Remarkably, the collapsed, extreme-localized eigenstates for half-odd integer spins appear exactly at the energy eigenvalues as observed in a photonic AB-cage experiment by Kremer et al.
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The theory and the results A magnetic moment µ moving with a velocity v in an electric field E experiences a magnetic field in its own frame of reference, that couples with its spin. The resulting topological phase of the wave function is modelled via an AC phase factor in the hopping integral for x ′ → x of the tight binding Hamiltonian as exp
The vector potential A SO = ( /4mc) σ × E involves nonAbelian matrices 41 . This is the SU(2) analog of the U(1) phase factor encountered in the AB effect. For convenience, we recast the phase factor as exp[iλ(n · σ s )] with λ = µEa/4mc
2 representing the strength of the SO coupling, and σ s = {σ
z } denoting the Pauli matrices of a spin s particle. 52 Here, m is the mass of the circulating particle, a in the length of each side of a rhombus, andn provides the direction of the effective magnetic field 42, 43 . The tight-binding Hamiltonian used here is given by,
The operators, c † x and c x are 2s + 1-component vectors while the on-site potential ǫ x and the hopping integral t xx ′ are (2s + 1) × (2s + 1) matrices. The external electric field is chosen as E = (0, 0, E). The general form of the exponential e iλ(n· σs) for arbitrary spin s, is given in detail by Curtright et al. 44 For example, when s = 1/2 the explicit expression is e iλ(n· σ 1/2) = 1 1 2 cos λ + i n · σ 1/2 sin λ, while for s = 1, we have e iλ(n· σ1)
Here, 1 1 m denotes the m × m identity matrix. The Schrödinger equation HΨ = EΨ can be cast as a set of difference equations
where ψ x,ms is the appropriate spinor with m s = −s, −s+1, . . . , s. The (2s+1)×(2s+1) matrix θ xx ′ (λ) ≡ λn · σ s is the SO coupling dependent non-abelian ACphase acquired, with appropriate sign, due a traversal from a site x to its nearest neighbor x ′ . Eq. (2) immediately reveals that the quantum network in Fig. 1 becomes a 2s + 1 dimensional geometrical object in a spinprojected hyperspace in respect of the incoming spin s. We have evaluated the energy spectra for spins s = 1/2, 1, 3/2 and 2 for a system of 20 rhombii by exactly diagonalizing the Hamiltonian matrix with hard wall boundary conditions. The results are displayed in Fig. 2 as functions of the SO coupling λ. For a general spin state s, the corresponding spin matrix is defined as S = ( /2)σ s . This 'scaling' of the spin matrix S puts all spins on the same footing, and becomes convenient as it makes the periodicity of the E − λ variations the same for every spin -much in the spirit of 'zone folding' in dealing with energy bands in a crystal. Two features are of immediate importance: (i) for every spin s, a flat, λ-independent band appears at E = 0. Considering that λ mimics the role of reduced momentum k in a periodic potential, this state hence displays a non-dispersive character. It is a localized state for which the amplitudes are pinned at the top and bottom vertices (A) of each rhombus (caged in the shaded band) in Fig. 1(a) . The pinned profile can be verified by explicitly evaluating the amplitudes ψ x,ms at every vertex x = A,B of a rhombus for spin projection m s , using Eq. (2). It is easy to verify that, for E = 0, the ψ x,ms = 0, x∀B, and for all spins, 
irrespective of the value of λ. This ensures localization, and an extreme one, as we shall come across later again.
(ii) For s = n /2 with n odd, at special value of the SO coupling λ = π/2, the absolutely continuous subbands touch each other at just one point when E = ±2. This is displayed in Fig. 2(a) and (c) for spins 1/2 and 3/2. At E = ± √ 2 we find two other isolated eigenvalues for all half-odd integer spins tested here. These are edge states, and topological in origin, and shown in green and red for m s = ±1/2 in Fig. 2(a) . They vanish as soon as periodic boundary condition is imposed. While the first energy E = 0 is common to all spins, E = ±2 are special where the bands collapse to lines with width zero. The rest of the values, viz, E = ± √ 2 are isolated, as we see. As a consequence, at λ = π/2, the entire spectrum for any half-odd integer spin is composed of just five sharp localized states which speaks for a complete AC-caging of the spins. This is extreme localization. We display the phenomenon only for s = 1/2 here, in Fig.3(a) and (c) . Others are similar. The AC cage topologies for E = ±2 and for E = ± √ 2 are much more complicated compared to the pinned flat band at E = 0. A typical caging for these is displayed in Fig. 4 (a) and (b) for s = 1/2. The particle can hop only among local clusters marked by blue (for m s = 1/2) and red (for m s = −1/2) in the up and down spin projected spaces (red and blue rhombii respectively). The topological edge state at E = √ 2 is clearly seen caged at the left end of the array. The cages are separated from each other by empty circles on which the amplitude of the wave function is zero.
For spins s = 1 and s = 2, the sharply localized states at E = ±2 persist, but these are gap-states for the bosonic spin-spectra, flanked on either side by con- tinuous bands. The edge states also appear at other energies (shown by dashed green and red lines in Fig. 2(b) for s = 1). However, the spectra for integer spins, as a whole, never show a complete collapse. Hence, 'extreme' localization is ruled out for integer spins, though the topological edge states show up for such spins as well.
Analyzing the observations A general rotation operator in spin space can be represented asR = exp i S·n∆φ which can be re-written, with the definition of the spin matrices via S = ( /2) σ, asR = exp[i σ ·n(∆φ/2)]. A rotation of a spinor around a single rhombus shown in Fig. 1(a) generates an AC-phase Λ AC that makes a spinor χ s undergo a change in phase, and transform as χ s → χ s exp[iΛ AC σ ·n] from which we can straightforwardly identify the 'angle' of rotation as ∆φ = 2Λ AC . We calculate, for each spin, the product of the individual AC phase factors exp[iλ σ ·n] that is implied by the hopping of the particle along the edges of a single rhombus in Fig. 1 . The electric field is taken along the z direction and out of plane, and the sense of rotation has been considered (without loss of generality) clockwise. Beginning at the left B-site of any rhombus and encircling the route B → A → B → A → B clockwise. This amounts to an accumulated AC-phase that can be obtained through a sequential product of exp(−iλσ x ) · exp(−iλσ y ) · exp(+iλσ x ) · exp(+iλσ y ). The 'effective' change of phase on a full rotation, Λ AC , involving spin-flip from one spin projection to another as dictated by the Hamiltonian, can then be evaluated through
and by equating the traces (a gauge invariant quantity) of the matrices appearing on the two sides 42 . Here, σ represents any spin, and the matrices accordingly assume dimensions of (2s + 1) × (2s + 1). Explicit evaluation of the matrix product of (3) yields for s = 1/2, 3/2 and 5/2, respectively,
where F 1/2 (λ) = 1 − 2 sin 4 λ was found already by Avishai and Band 42 in an AB caging context. The higher spins are our objects of interest in this paper. We find (4) and (5) immediately reveal that a choice of the Rashba SO coupling λ = π/2 corresponds to Λ AC = π, and hence, to an angle of rotation ∆φ = 2Λ AC = 2π. For such an 'effective rotation' by 2π, the half-odd integer spinors are flipped after a complete traversal of the loop via an excursion to all the 2s + 1 projections, and the junction between any two consecutive rhombii becomes a node as a result of a destructive interference. However, the integer spins retain their phase intact and interfere constructively upon a full rotation. In the former case of half odd-integer spins the amplitudes of the wave functions are caged, as shown in Fig. 1(a) and in Fig. 4 . Such a distribution is effectively decoupled from the next cluster of non-zero amplitudes by a set of sites where the amplitudes are zero. 53 This explains the interference mechanism for the spin-selective extreme localization.
An intuitively appealing check to the above observation is provided by a real space renormalization group (RG) scheme that decimates the vertices A using Eq. (2). The array of rhombii gets reduced to an effective linear chain of pseudo-atomic sites (with renormalized potentials) residing at locations B only (Fig. 1) . The renormalized hopping integral connecting the consecutive B sites on this effectively one dimensional array (diagonally opposite B sites in the original array) is given by,
For s = 1/2, Eq. (6) becomes
. (7) It is clear from (7) that a choice of λ = π/2 renderst BB into a null matrix. This indicates a complete 'cut-off' between the pair of sites occupying the B positions in a rhombus, prohibiting any propagation in the longitudinal direction. The transmission coefficient across the array naturally becomes zero. This happens for all the half odd integer spins and is not seen for an integer spin. However, for certain localized 'gap states' the hopping integral for integer spin states doesn't become zero immediately, but eventually flows to zero after a finite number of RG iterations -a common signature of localization. Still, the phenomenon of a complete collapse of the spectrum into an extreme localization picture does never happen for them.
Transmission coefficient and its spin selectivity The transmission coefficient for a particle entering into the system at a spin state σ and ejecting out at a state σ ′ is calculated following the standard procedure as outlined for example, by Datta et al. 46 , and is given by
Here Γ i,j denote the matrices that connect the system to the leads, and G r comp and G a comp are the retarded and advanced Green's functions of the lead-system-lead composite system, obtained following Löwdin's partition technique 45 . The general formula is
, where E is the energy of the incoming particle and Σ L(R) σ is the selfenergy contribution of the leads, chosen appropriately to describe retarded/advanced cases. Of particular interest is the total collapse of the extended spectrum, as obtained for say, λ = π/4 in the spin half case, into an extremely localized set of just five spikes when λ = π/2. In this case the rhombic array turns out to be totally opaque to the incoming spin s = 1/2, as seen in Fig. 3(d) . This has been checked to be also true for the half odd integer spins 3/2 and 5/2, and we believe it to hold in general. This is not the case for integer spins. For s = 1 and λ = π/4, the transport of m s = ±1 dominates the m s = 0 state, say, at E = ±2, while there are other regimes of the Fermi energy where the m s = 0 transport channel dominates the other spin channels. This provides an example of what one may call a spin de-multiplexer. For λ = π/2 and s = 1 (and for all other integral spins as well), the network decouples into 2s + 1 independent rhombic arrays, each array representing a perfectly periodic system connected to clean leads. This can be easily verified from Eq. (2) explicitly in terms of the appropriate hopping matrices. The transport becomes unattenuated and identical for m s = 0 and m s = ±1, as is displayed in Fig. 5(d) .
Conclusions Our model is a spin-resolved version of a photonic AB cage recently demonstrated 36 . We find an analogous AC caging effect, however, the effect being retained only for half-odd integer spins while integer spins do not show caging. This leads to a dramatic difference in the localization and transport characteristics where only the half-odd integer spins can be chosen to transport at selected and SO strength-tunable energies, while integer spins have wider transmission windows with selectable spin-projections. While UC atomic gases, with systems of higher spins now routinely studied, appear as obvious examples where to realize our proposal, we also think that solid-state devices of, say, coupled quantum dots appear as promising candidates.
